subgroup D,(G). On the other hand, let G be any group. Then Sjogren [8] obtained a bound c, for the exponent of D,(G)/G, for all n, and in particular c5 = 48, where D,(G) is the n th dimension subgroup of G. Now we can show that the exponent of D,(G)/G5 is divisible by 6 = 3!, which will be the best bound for the exponent of D,(G)/G,.
In Section 2, following Losey [3] we list notation and preliminary results we use here. Let G be a finite group with a finite N-series G = H, 2 H, 2 . . . '>H,2H,,,,= I, and /1, be the ideal spanned over Z by all products (g, -l)(g, -1) ..a (g, -1) with CT= i w(gJ > k. Section 3 we find a system of canonical Z-generators of /i 5. In Sections 4 and 5 we determine the structure of /1 r/11 3, and /1 J-4 4 and II ,//1 5, respectively. As its application of the main theorem we determine completely G n { 1 + n 5 }, and we show that the exponent of G n ( 1 + /1 5}/HS is divisible by 6 = 3! in the final section. Also we give a problem on dimension subgroups, which is a generalization of the work of Cohn [ 11, Quillen [6] , and Sjogren [8] if it is affirmatively proved.
NOTATION AND PRELIMINARY RESULTS
Let c, d be natural integers. We denote by (c, d) the greatest common divisor of c and d, and put (f)=d(d- 1) e.e (d-c+ l)/c(c-I).+* 1. Let A be an abelian group. Then @"(A) = A@'/J, where A@" is the n th tensor product of A and J is the subgroup of A@" generated by all elements xl 0 x2 0 .a+ 0 x, -x,(i) 0 x,(~) 0 ... 0 x0(,,) for xi, x2,..., x, E A, and cr E S, , the symmetric group. Sp"(A) is called the n th symmetric power of A. In particular put Sp'(A) = Z. Denote by xi V x2 V em* V x, the class in Sp"(A) to which xi @ x2@ .ss 0 x, belongs.
For studies of dimension subgroups we may restrict the groups to finite pgroups by Higman's reduction theorem [4, Theorem 3.11 . Hence from now on we suppose that G is a finite group and G has a finite N-series 8:
G=H,zH,z... ~H,,lH,,,,= 1, that is, a series of normal subgroups H, such that [H,, H,] E Hi+, for all i, j. Then we put w,(B) = 2 6 SP"(Hi/Hi+ 11, i=l where C runs over all non-negative integers a,, a2 ,..., a, such that CT!, iu, = m. For simplicity, we put W,,, = W,(B) for the fixed N-series 8. In particular if the N-series 5 is the lower central series of G, we put W,(B) = W,(G) as in the Introduction.
On the other hand, following Losey [3] , we introduce a uniqueness basis for G relative to 8. The N-series induces a weight function w on G: for any element x of G w(x) = k @EH,-ffH,+,) =U3 (x = I).
Define a family {Ak}FEO of ideals of ZG as follows. A, is spanned over 7 by all products (g, -l)(g, -1) .a. (g, -1) with ,YJj"=i w(gj) 2 k. Then nk is an ideal of ZG withA,=ZG,/l,=Z,li,?Zk andAi./ijclii+jfor all i,j>O. The filtration {Ilk}?==, is called the canoniculj?lfration ofZ(G) with respect to $j. If x # 1, define O*(X) to be the order of the coset X= xZZ,(,,+, in H,,,(X)/H,,,CX) + , . Each quotient Hi/Hi+ , is a finite abelian group whose operation is denoted additively, and hence there exist elements xi,, xi*,..., xiACi) with Xii = xijHi+ 1 such that any element g E Hi/Hi+, can be uniquely written in the form
where 0 < a(j) < o*(xij) for all j. Moreover, we choose Xii SO that O*(Xij) divides o*(xij+ r). Set @ = {xijli = 1, 2 ,..., n, j= 1, 2 ,..., L(i)}. Order Q, by setting Xij < xk, if i < k or i = k and j < 1. Then every element g E G can be uniquely written in the form . g = fi xyxy . . . g$/; w> i=l for some integers aii with 0 < aij < O*(Xij), 1 < i < n, 1 < j < L(i), where n runs in order of increasing i from left to right. The ordered set @ is called a uniqueness basis for G relative to 8. Put m = x1=, J.(i), and consider an msequence a = (aij) = (ali ,..., ail(,), a2, ,..., azAC2) ,..., anI ,..., anlfn)) for nonnegative integers aij. The set of all m-sequences is naturally well ordered, that is, we define a = (aij) < /3 = (Z?,) if there exist k and 1 with 1 < k < n and l<j<A (k) such that aij=Pij (l<i<k-1, l<j<n(i)), ati=Pki (1 <j< I-l), and ak/ <Pkl. An m-sequence a = (aij) is basic if 0 < ai, < o*(xij) for all i and j. It follows from the uniqueness of the expression (#) that there is a bijection between the elements of G and the basic msequences. The weight W of an m-sequence a = (atJ) is defined to be
l<i<.a(n)
Given an m-sequence a = (aij) we define the proper product P(a) E ZG by
where n runs in order of increasing i from left to right. If W(a) > k, then P(a) E Ak. If a is a basic m-sequence, then P(a) is called a basic product. We introduce a notation for cutting an element of G modulo a desire subgroup Hi. Let pi(g) be the product of weight i in the expression (#), and pi(g) the coset of pi(g) modulo Hi+ 1.
We have the following three lemmas.
LEMMA 2.1. Any element g E G can be written uniquely in the form (#), and g -1 is represented in a Z-linear combination of basic products as folio ws :
where C runs over all integers pij with 0 Q pij Q aij. In particular, for any element x E G and any natural integer d we have k=I LEMMA 2.2. If G is a group, then it follows that for any element x, y E G
where [y, x] = y-'x-'yx. LEMMA 2.3. Let d be a non-negative integer. Zf G = H, 2 H, 2 H, Z, H, 2 H, = 1, then we have The second part of (2) follows from the above. Part (3) follows easily from (1) and (2). Q.E.D.
THE STRUCTURE OF
It is clear that rank,(A,) = ] G 1 -1 for any finite group G and all k > 1, and Losey [3] determined the Z-basis of A,, A z and A j. We [9] gave a system of Z-generators of (i,. We repeat them here, and we give a system of Z-generators of A 5 to determine the structure of A J/1 5.
For simplicity we put
Then we have 
LEMMA 3.4 [9, Lemma 41. A, has a system of Z-generators consisting of 
(XZi -lyy e(i) 2 3, 1 < i < t;
ProoJ The elements of types (l)- (8), (1 l)-( 13), and (16) clearly lie in A 5. We show that the elements of type (9) (4). Suppose W(a,) + W(a,) = 1.
is of type (6) . If w(x) = 2, then P(a) is of type (8) . If w(x) = 3, then we have x = x3j for some j, and P(a) = -Ci=: ( If)(xli -l)(~~~ -1)" + (xii -l)(Xij -1) is a Z-linear combination of elements of types (9) and (16). If w(x) = 4, then P(a) is similarly a E-linear combination of elements of type (16). Suppose W(a,) + W(a,) = 2. Then there are five cases, and we deal with the case P(a) = (x -l)d(~Zj -1); the other cases being similar. If w(x) = 1, then x = xii for some i, and P(a) is of type (7) . If w(x) = 2 and x = xzi < xzj, then P(a) = -C;f:: (;f )(xzi -l)h(~Zj -1) + (xti -l)(Xlj -1) is a Z-linear combination of elements of type (10) and P@), /I < a, W@?) > 5. Suppose W(a,) + W(a,) = 3. Then there are nine cases, and, for example, we deal with two cases P(a) = (xii -l)d"'(~,j -l)(xlk -1)(x,, -1) and P(a) = (xii -1)
is a Z-linear combination of elements of types (15) and (16), and P(@), p < a, W(@ >, 5. Next let P(a) = Cxli -l)txlj -lNxlk -1)(x -l)d. Then if w(x) = 1, then we have x=x1, for some I, and P(a) is a Z-linear combination of elements of type (15) and Pp), /I < a, W(j?) > 5. If w(x) > 2, then P(a) is a Z-linear combination of elements of type (16).
Q.E.D. 4 . THE STRUCTURE OF AI/A,, AZ/A,, AJA3, AND As/A, We [9] determined the structure of Al/A,, AJA3, and A3/Aq. Now we give the structure of A,/A, and AZ/A,. Let G be a finite group with a finite N-series 8, and we consider the finite abelian group W,,, = W,,,(8) for each m, and denote by w*, = Vm($) the free abelian group generated by a basis of W,,,. Note that such basis elements will have finite order in W,,, but infinite order in pm; context will clarify the status of a given element.
Then we have ProoJ: By Lemma 3.1, any element y of /1, can be uniquely written as a Z-linear combination of (xii -1) (1 < i < s), (xii -l)(X,j -1): basic (1 < i < j < s), xzi -1 (1 < i < t), and P(a): basic with W(a) > 3. Then we can define a homomorphism y/1 :
Then we can easily show that for all 1 < i < j < s
And we have easily vr((xli -l)d"') = Rf, d(i) > 3, 1 < i < S, and vr((X,i -l)e"') = Rt, 1 < i < t. Thus, by Lemma 3.3 we have w1(A3) = RF. Moreover, w, is surjective. Hence w, induces a surjective homomorphism Yy, from /ii/A, to (Wf @ WJRf. We show that Yy, is injective. Let U= ci=, Ai(Xri -1) t Cy$:j<S Bij(xIi -l)(xIj -1) + z= 1 Cj(xu -1) + A3 be any element of Ker Yy, . Put xfii' = n=, x$x3 (x3 E H3), 1 < i < s; then there are integers pi (1 < i < S) such that Ai = Ui d(i) (1 < i < S), Bii = u,(":") (1 < i < s, d(i) > 3), ui = 0 (1 < i ,< s, d(i) = 2), and Cj = -JJf= r ui b, (1 < j < t), and we have B, = 0 (1 < i < j < s). Therefore,
and hence 'Y, is injective. Thus, Y, is an isomorphism from /i,/A3 to VF 0 WJIRT-Q.E.D. In the same way as the above we have where R, is the subgroup of W, generated by the elements Yij, 1 Q i < j < S.
THE STRUCTURE OF A,/A, AND Ad/A,
We [9] determined the structure of /1,//1,. Now we want to determine the structure of A,/A, in order to determine that of G n (1 + As). We put Xd(i' = &I~;? . . , x;yx;yx;y . . . x;i y4i, ; x3* **a x3; x4; x4* ***x4; yy, cm a$'" a(U) 4'" oy y:"' E H,, 1 < i < j < s.
We show the following with yij in the last part Section 4, but here yii are considered elements in PQ. where RT is the subgroup of v @ W, generated by the following elements:
(IV) e(k)@, @ X2,) -(fli 0 x$'), 1 < i Q s, 1 < k < t;
Proof. We may assume that G = H, 2 H, 2 H, 2 Ha 2 H, = 1 (cf. [7, Proof of Corollary 71). We define a homomorphism We from A, to v @ W, by defining it on the basis for A, given in Lemma 3.3 as follows (all quantifiers are omitted here for simplicity): Proof Let U be any element of Ker w3. Assume that U is a Z-linear combination of the elements (xii Q.E.D.
In order to calculate the images of generators of /i, in Lemma 3.5 by wx we need to calculate the images of basis elements of w;" and W,, by wJ from which we have that v3 is surjective modulo Rt. First, we consider the basis elements of IV$: Xii V fv V flk (1 Q i Q j < k < s), z?,~ @ &, (1 < i < S, 1 < j < t), and 23i (1 Q i < u). The second and third cases are given in (5) and (6) Q.E.D.
Next we obtain the basis elements of W, : ~,i V XIj V Z,, V fr, (1 < i < j < k < l< s), (.Tli V AYtj) @ 22;2k (1 < i < j < S, 1 < k < t), R,i @ -ITIj (1 < i < S, l<jja),
andf,, (l<i<v).
The third and fifth cases are given in (10) and (1 I), respectively, while the fourth case is a consequence of (2) If d(j) = 2, then by (VI) with j= k, 
The final two cases (the square taken in the second and third positions respectively) follow as in (d).
Q.E.D.
The final step in obtaining the isomorphism is to show the following: LEMMA 5.6. y3(A5) = Rf.
Proof: First we show that w&I,) c Rf. We examine the image of each generator of A, given in Lemma 3.5. This is done clearly for the elements of types (l)- (5), (9), (1% (15), and (16) in Lemma 3.5. We consider case (6) . For case (12), similarly by (VI) we have
(mod RT).
For case (13), similarly by (VII) we have w3((xLi -l)(X,j -1) (xlk -l)d'k') = 0 (mod RF). For case (14), if (xii -1)(x,/ -1) is basic, then this is done by (8). If d(i) = 2, then by (III)
Next we show that R;F c w3(A5). We obtain each element of generators of types W(W in turn. Developing (xji -1 )rcn by Lemma 2.1, we have f(i)(x3i-1)-(X-$"-l)EA,, and hence the element of type (I) is contained in w3w.
and hence the element of type (II) is contained in ~~('1~). Considering (x, [ -1 )d"'(X,, -1) by Lemma 2.1, we have
and hence the element of type (III) is contained in w3(As). Similarly, we have e(k)(xi, -l)(xZk -1) -(xii -l)(x:Lk' -1) E A,. Developing (Xii -l)d"' (xu -1)(x,, -1) by Lemma 2.1, we have
and hence the element of type (V) is contained in v/&t&. Similarly we have
'j'j', Xl/J -1) E A, and
Here we note that relation (ii) with i = j < k is equal to that of (i) with i = j< k, and relation (iii) with i < j = k is equal to that of (ii) with i < j = k. Therefore, we have R t c v/~(A 5) and hence R $ = y3(A 5). Q.E.D.
Thus we obtain an injective canonical homomorphism !Pj: As/A5 + (WF @ W,)/Rf since Ker I,Y~ G Ai,, but as we stated just before Lemma 5.3, wj is surjective modulo Rf and hence Yy, is surjective. Thus, we proved that the canonical homomorphism Yy, : Ai,/A, -+ (@ 0 W,)/Rf is an isomorphism, which completed the proof of Theorem 5.1. with some u* E W,. Then there are integers Uij (1 < i < j < S) such that
bhk (modGW9 44)) and Q.E.D.
THE FIFTH DIMENSION SUBGROUPS
We [9] determined the fourth dimension subgroup Gn { 1 +rl,} of any finite group through the structure of li 3//14. Now we determine G n { 1 + .4 5 ) by considering the structure of A,/A,.
In order to consider the fifth dimension subgroups of groups, we may restrict them to finite nilpotent groups of class 4. Then we may assume that G is a finite group with an Nseries 8: G = H, 2 H, 3 H, 1 H., 3 H, = 1. Also here we use the same notation as in the first part of Section 5. Since H, is abelian, we write additively the multiplication in H,.
We want to determine Gn {I +A,}. Since Gn {l +A,} =H3, we have G n { 1 + As} c H,. Let as be the canonical homomorphism from H, to AdA defined by @J~(x)=x-1 +/1, xl,] for all k and i, respectively, we have It is well known that the exponent of G n { 1 + /14}/H4 is divisible by 2!, and we proved that the exponent of G n { 1 + A,}/H, is divisible by 3!. So we present the following:
Problem. Let G be a finite group with an N-series G = H, 11, H, 2 . . . ~H,~H,+l~--..
Is the exponent of G n { 1 + A,}/H,, divisible by (n -2)! for any II > 2?
If this problem is affirmatively proved for all n > 2, then it is a generalization of the well-known results of Cohn [l], Quillen [6] , and Sjogren [8] .
In a separate paper, we shall show that D,(G) = G, = 1 for the counterexamples G to D,(G) = G, which we constructed in [9] , namely, D,,(G)3 G, = D,(G) = G, = 1 for these 2-groups G. Moreover, we shall construct counterexamples to D,(G) = G, .
